This article aims to study the natural frequency of defective graphene sheets since the existence of cut-outs in plates may be essential on the basis of their desired functionality. A combination of the Aifantis theory and Kirchhoff thin plate hypothesis is used to derive governing equations of motion. The Ritz method is employed to derive discrete equations of motion. The molecular structural mechanics method is also employed to specify the effective length scale parameter. In the 'numerical results' Section, the effects of different parameters such as boundary conditions and diameter of the hole-to-side length ratio on the fundamental frequency of graphene sheets are studied.
Introduction
Graphene sheets, the two-dimensional carbon nanostructure, amazingly exhibit the electrical, mechanical, thermal and optical properties (Jomehzadeh et al., 2015) that have been considered as a promising material for a wide range of applications (Lebedeva et al., 2012) such as composites, chemical sensors, ultra capacitors, transparent electrodes, photovoltaic cells, bio-devices (Zandiatashbar et al., 2014) and the gigahertz oscillator suggested based on the telescopic oscillation of graphene layers (Lebedeva et al., 2012) . It is of great importance to simulate mechanical behavior of single/muti-layered graphene sheets accurately due to this wide scope of applications. One important topic which has recently received great attention is the study of free and forced vibration of graphene sheets used in nano-scale devices which may experience vibration.
Among different theoretical modelings used to simulate carbon nano-structures, continuum mechanics modeling and molecular structural mechanics (MSM) methods are the most popular ones employed to study the mechanical behavior of carbon nanostructures because their computational tasks are much more time-effective than different atomistic modeling such as classical molecular dynamics, tight-binding molecular dynamics and density functional theory (Li and Chou, 2003; Hu et al., 2007) . The linear vibration of zigzag and armchair single-layered graphene sheets (SLGS) was studied by Sakhaee-Pour et al. (2008) via the MSM approach. They obtained fundamental frequencies and corresponding mode shapes for different boundary conditions and showed that the natural frequencies of SLGS are independent of chirality and aspect ratio (Sakhaee-pour et al., 2008) , while the Hashemnia et al. study (2009) indicated that the fundamental frequency of SLGS with fixed-fixed or fixed-free end conditions decreased as the aspect ratio increased. They proposed the use of graphene sheets with a lower aspect ratio to prevent resonance and dynamic damage (Hashemnia et al., 2009 ). Gupta and Batra (2010) implemented MSM simulation to investigate the effect of pretention on the natural frequencies of SLGS. The comparison between the results obtained by the MSM method and those predicted by an equivalent linear elastic isotropic continuum model showed that there was a noticeable difference between the mode shapes corresponding to the several lowest frequencies of the SLGS and those of an equivalent linear elastic isotropic continuum model (Gupta and Batra, 2010 ). Sadeghi and Naghdabadi (2010) introduced a hybrid atomistic structural element to model the nonlinear behavior of SLGS. Their results verified with experimental observations demonstrated that natural frequencies predicted by nonlinear analysis were far higher than those obtained by the linear approach. Wang et al. (2013) proposed a pseudo beam model with 3-node beam element to simulate the modal behavior of the wrinkled SLGS by using the MSM method. They not only obtained the features of formation and evolution of wrinkles but also offered a prediction model to estimate the natural frequency of wrinkle SLGS (Wang et al., 2013) .
The importance of incorporating the size effect into continuum mechanics, in order to investigate the mechanical behavior of micro-or nano-scale devices, is well known and higher-order continuum theories containing additional material constants have been developed to this end (Askes and Aifantis, 2011). Mindlin (1964) developed a theory of elasticity with microstructure in which strain energy was considered as a function of macroscopic strain, the difference between macroscopic and microscopic deformation and the gradient of the microscopic deformation. In this theory, the strain energy contained 16 constitutive coefficients in addition to Lame's constants. Mindlin wrote the kinetic energy density in terms of quantities at microscale and macroscale as well (Askes and Aifantis, 2011). Mindlin also simplified this theory and introduced three new versions which differed in the assumed relation between the microscopic deformation gradient and the macroscopic displacement (Mindlin, 1964; Askes and Aifantis, 2011) . The Mindlin simplified theory in which strain energy is only a function of first-order gradient of strain tensor contains five new constants as well as Lame's constants for an isotropic linear elastic material (Mindlin, 1964; Askes and Aifantis, 2011) . It can be shown that these five new constants can be grouped in two new constants (Askes and Aifantis, 2011) . In this way, the number of new material constants is reduced from 5 down to 2 (Askes and Aifantis, 2011). A simplified kinetic energy whose constitutive equation consists of velocity and velocity gradient was also suggested by Mindlin (1964) . Therefore, Mindlin's simplified theory contains one additional inertia parameter as well as two additional elastic parameters (Askes and Aifantis, 2011). Lam et al. (2003) proposed a modified strain gradient theory in which three new length scale parameters were introduced into isotropic linear elastic materials. In this theory, the total deformation energy density is independent of the anti-symmetric rotation gradient tensor and it is only a function of the symmetric strain tensor, the dilatation gradient vector, the deviatoric stretch gradient tensor and the symmetric rotation gradient tensor (Lam et al., 2003) .
The other well-known higher-order continuum theories are classical couple stress theory (Mindlin and Tiersten, 1962) with two material length scale parameters for an isotropic elastic material, and the modified couple stress theory (Yang et al., 2002) whose modified constitutive equation contains only a new length scale parameter. It can be shown that the modified couple stress theory is a special case of the modified strain gradient elasticity theory if two of the three material length scale parameters of the modified strain gradient theory are taken to be equal to zero (Ashoori Movassagh and Mahmoodi, 2013) .
On the basis of Aifantis' studies in plasticity and nonlinear elasticity, Aifantis and his coworkers proposed another gradient elasticity theory, the constitutive equation of which is a function of strain and Laplacian of strain with one internal length (Aifantis, 1992; Altan and Aifantis, 1997) . It can be shown that the associated equilibrium equations obtained by simplified Midlin's theory can be converted to those obtained by the Aifantis gradient elasticity theory if two new elastic parameters of simplified Mindlin's theory are taken to be equal to each other (Askes and Aifantis, 2011) .
Another powerful gradient elasticity theory proposed to simulate dynamical behavior of micro/nano structures is achieved by combining stable strain gradients with acceleration (inertia) gradients (Askes and Aifantis, 2011) such as Mindlin's simplify theory. Askes (2002, 2006) derived such a theory from a discrete lattice. It is worth mentioning that these theories known as dynamically consistent models (Askes and Aifantis, 2011), incorporate at least two length scales: one of them related to strain gradients and another related to acceleration (inertia) gradients.
The nonlocal strain gradient theory is another Laplacian based gradient elasticity whose constitutive equation is a function of strain, stress, Laplacian of strain and Laplacian of stress (Askes and Aifantis, 2011; Aifantis, 2011) .
Meany researchers employed different gradient elasticity theories mentioned above in conjunction with different classical continuum mechanic theories to study the mechanical behavior of size-dependent micro/nanostructures so far (Ansari et al., 2011 (Ansari et al., , 2013 A new size-dependent sinusoidal plate model to predict mechanical behavior of thin, moderately thick and thick microplate was suggested by Akgöz and Civalek (2015) as well. They employed a modified strain gradient elasticity hypothesis to incorporate the size effect into the classical continuum plate theory. In an earlier work, Akgöz and Civalek (2012) estimated vibratory behavior of single-layered graphene sheets embedded in an elastic matrix. To this end, they used the Krichhoff plate hypothesis in conjunction with the modified couple stress theory to develop governing equations of motion (Akgöz and Civalek, 2012).
Gholami et al. (2016) combined Mindlin's simplified theory hypothesis with first-order shear deformation shell theory to investigate free vibration and axial buckling of circular cylindrical micro-/nano-shells. They ignored the effects of inertia gradients in their model and derived the kinetic energy in terms of macroscopic kinematic quantities. They compared three different sizedependent shell models on the basis of strain gradient theory, modified strain gradient theory, and modified couple stress theory in predicting the natural frequency and load-bearing capacity of microshells as well. They showed that the values of natural frequency and the critical buckling force predicted by the strain gradient theory are higher than those predicted by the modified strain gradient theory because of inducing a higher stiffness. Binglei et al. (2011) simulated static bending, static instability and vibratory behavior of a simply-supported micro-plate via the modified strain gradient theory and the modified couple stress theory. Their results clearly show that the strain gradient theory induces a higher stiffness than the modified couple stress theory. They (Binglei et al., 2016) re-derived the governing equation of the nonclassical Kirchhoff micro-plate as well as the general boundary conditions based on the strain gradient elasticity to simulate mechanical behavior of a micro-plate with any reasonable boundary conditions. Askes and Aifantis (2009) employed a dynamically consistent model with two length scales to simulate flexural wave dispersion in carbon nanotubes. They verified validity of the proposed model by comparing their findings with those obtained via molecular dynamics simulation and/or Eringen's nonlocal elasticity theory.
Using nonlocal strain gradient elasticity, Li and Hu (2016) developed a model to analyze wave propagation in fluid-conveying carbon nanotubes. They investigated the effects of different parameters such as nonlocal parameter, small scale parameter, damping coefficient and flow velocity on wave propagation properties of fluid-conveying carbon nanotubes.
The other well-known gradient theory is Eringen's nonlocal elasticity theory in which there is only one length scale parameter and its constitutive equation is expressed based on the nonlocal stress tensor and Laplacian stress tensor (Askes and Aifantis, 2011 Although there have been numerous studies carried out on the simulation of vibrational behavior of perfect graphene sheets, the notable studies shown that the effects of nanopores on linear and/or nonlinear vibration responses of graphene sheets do not exist, while the existence of nanopores in the graphene lattice can be essential based upon the desired functionality of graphene sheets in different nano-devices such as bio-devices and the DNA-decorated graphene (Zandiatashbar et al., 2014) . On the other hand, the production process used or environmental and operating conditions under which the graphene device operates can lead to the appearance of vacancy defects in the graphene lattice (Zandiatashbar et al., 2014) . Therefore, simulation of the dynamic response of graphene sheets with nanopores to determine how the size, the position and the shape of cut-outs influence the natural frequencies is important. Accordingly, the main purpose of this study is to model the dynamic response of SLGS with cut-outs. Different methods, such as Ritz, finite difference and finite element can be employed to this end. Rajamani and Prabhakaran (1977) used Lagrange's equations to obtain discrete equations of motion of a composite plate with a central cut-out. For this purpose, they employed potential energy and kinetic energy of a uniform plate and considered the cut-out as a displacement-dependent external loading on the plate (Rajamani and Prabhakaran, 1977) . The finite difference method was used by Aksu and Ali (1976) to determine vibration characteristics of rectangular plates with one or two central cut-outs. To develop a simple method to study the effects of the rectangular cutout on natural frequencies of rectangular plates, Ali and Atwal (1980) used Rayleigh's method and employed trigonometric functions to estimate the lateral deflection. They showed that this method can predict the fundamental frequency with a quite good accuracy although the accuracy could be increased if one added a correction function to the estimated lateral displacement function (Ali and Atwal, 1980) . Lam et al. (1989) presented a modification of the Rayleigh-Ritz method to investigate the vibrational behavior of rectangular plates with one or two cut-outs. They used an orthogonal polynomial function generated based on the Gram-Schmidt process to estimate the lateral displacement of plate segments (Lam et al., 1989) . Similar methods were used by Liew et al. (2003) to investigate the effect of different boundary conditions on vibrational behavior of a rectangular plate with the central rectangular cut-out. The negative stiffness method was applied to analyze free vibration and buckling of plates with cut-outs by Tham et al. (1986) .
One of the popular variational methods employed to derive discrete equations of motion is the Ritz method because the displacement field is approximated by a linear combination of shape functions which are only satisfied by essential boundary conditions. On the other hand, it is shown that one can reduce the complexity of the mechanical behavior modelling of structures with cut-outs by combining the construction of energy functional with the Ritz method (Malekzadeh et al., 2013) . Therefore, in this study, the Ritz method is employed to derive discrete equations of motion which yield the eigenvalue problem. Because Eringen's nonlocal elasticity theory does not allow the construction of energy functional (Reddy, 2011) , the dynamic consistent model is used to simulate vibrational behavior of the graphene sheet with a nanopore. To this end, Aifantis' theory, as well as inertia gradients is combined with Kirchhoff's thin plate hypothesis to construct the energy functional and incorporate the size effect into the classical continuum plate model. Also, the length scales related to strain gradients and inertia gradients are set equal to each other. The molecular structural mechanics method is also used to simulate vibrational behavior of defective SLGS to estimate the length scale parameter which must be used in the proposed nonclassical plate model.
Governing equation

Nonclassical thin plate theory
According to Hamilton's principle, one can formulate discretized free vibration equations of a nano-plate with free edges cut-out via the Ritz method. The Aifantis theory in conjunction with inertia gradients is also used to incorporate the size effect into the equation governing natural frequencies of the nano-plate with the cut-out. For this reason, the variation of strain energy and kinetic energy can be written as
where σ ij , ε L ij and l 1 are components of the stress tensor, linear strain tensor and length scale related to inertia gradients, respectively. V i (i = I, II) is the volume of i-th segment of the plate. The displacement field is shown by u, v and w. ρ is the specific mass density of the plate material and the time derivative of displacements are shown by overhead dot. According to the classical plate theory hypothesis, if the xy-plane of the Cartesian coordinate system (x, y, z) coincides with the geometrical mid-plane of the undeformed rectangular micro-/nano-plate, the displacement field can be expressed as (Reddy, 1999) 
u(x, y, z, t) = u 0 (x, y, t) − z ∂w(x, y, t) ∂x v(x, y, z, t) = v 0 (x, y, t) − z ∂w(x, y, t) ∂y w(x, y, z, t) = w(x, y, t) (2.2)
where u 0 and v 0 are the x-and y-components of the displacement vector of a point in the mid-plane of the plate at time t, respectively.
According to the classical plate theory hypothesis, the linear components of the strain tensor can be found on the basis of Eqs. (2.2) (Reddy, 1999)
According to Aifantis' theory, the stress tensor components are related to the linear strain tensor components as (more details can be found in Aifantis (1992, 
which can be obtained on the basis of the implicit gradient elasticity model given by
through a proper choice of the constants α 1 , . . . , α 8 (Aifantis, 2011). C can be defined based on the classical plate theory hypothesis as
where E, G and ν are the modulus of elasticity, modulus of rigidity and Poisson's ratio, respectively. l is the length scale parameter related to strain gradients. By substituting Eqs. (2.2) to (2.5) into Eqs. (2.1), one can find the variation of strain energy and kinetic energy on the basis of the displacement field. By using the appropriate approximation of dependent unknowns (u 0 , v 0 , w) satisfying the essential boundary conditions and employing Hamilton's principle, one can find the following system of ordinary differential equations governing the lateral vibration of the plate. It is completely independent of the other two equations governing in-plane motion of the plate 
where
and h is thickness of the plate. The Gram-Schmidt process is used to generate the polynomial functions ϕ n (y) (ϕ q (y)) and φ m (x) (φ p (x)) as well. Equation (2.6) can be solved on the basis of the eigen-value problem to find the natural frequencies corresponding to lateral vibration of the nano-plate.
Molecular structural mechanics
The molecular structural mechanics approach has been built on the basis of some similarities between the molecular model of carbon nanostructures (nanotube and graphene sheet) and the structure of a space frame building (Li and 
in which U r is the bond stretching, U θ is the bond angle bending, U ϕ is the dihedral angle torsion, U ω is the out of plane torsion, U vdw is the nonbonded van der Waals interaction and U e is the nonbonded electrostatic interactions. On the other hand, the total strain energy for a beam element is (Li and 
where U A is the strain energy of axial tension, U M is the strain energy of bending, U T is the strain energy of torsion and U v is the strain energy of the shear force. One can obtain a relationship between the molecular mechanics force field constants and the structural mechanics parameters by using the energy equivalence between Eq. (2. 
where k r , k θ and k τ are force field constants in molecular mechanics. 
where k θ is expressed as
and (Wang et al., 2013 )
and L is length of the C-C bond. They obtained the diameter-to-length ratio of the equivalent Timoshenko beam around 0.704 (Wang et al., 2013) , which is used in this study. Based on the finite element method and using modal analysis concepts, one can find the natural frequencies of this space frame-like structure constructed by Timoshenko beam elements and point masses.
Verification
Non-classical thin plate theory
Based on the best knowledge of the author, it is the first attempt to analyze the vibrational behavior of graphene sheets with nanopores via Aifantis' theory combined with acceleration (inertia) gradients and the Ritz method. Then, to verify the correctness of the presented model, the author first compares the obtained natural frequencies of classical thin plates with central holes with those obtained based on the finite element method (Table 1) . To this end, the value of length scale parameters (l and l 1 ) is taken equal to zero.
According to Table 1 , although natural frequencies of perfect plates can be accurately predicted by the present model, those of the defective plate are overestimated. However, the calculated percentage error (lower than 4% and 3% for the simply supported and clamped plate, respectively) shows that there is an acceptable agreement between the results. Next, after setting the length scale parameters to be equal to each other (i.e. l = l 1 ), the effects of an increase in the length scale parameter on the variation of the first natural frequency of perfect graphene sheets by increasing the side-length of nano-plate is compared with the data available in Ansari et al. (2010) , showing the influence of the small scale parameter on the natural frequency of perfect graphene sheets by using Eringen's nonlocal elasticity theory. Figure 1 shows that, regardless of the boundary conditions, the first natural frequency of perfect graphene sheets decreases with an increase in the length scale parameter, although a rise in the side-length of the nano-plate reduces the importance of the length scale value, so that the non-classical natural frequencies tend to the classical ones. The observed behavior is completely in agreement with that reported in Ansari et al. (2010) . 
Molecular structural mechanics method
To verify the accuracy of predicted natural frequencies of graphene sheets obtained via molecular structural mechanics (MSM), the estimated first natural frequency of fully simply supported and fully clamped single-layered graphene sheets are compared with those obtained by the molecular dynamics method and are available in Ansari et al. (2010) , see Table 2 . As it is seen, there is a quite good agreement between the results.
Numerical results
In this Section, first, the effects of different parameters such as length scale and diameter of the central hole to the side length ratio, which is not more than the half of side length of nanoplate, on the dimensionless natural frequency of graphene nano-sheet with a central pore are Fig. 2 ). Then, the variation of dimensionless natural frequencies of the graphene nano-sheet with the pore diameter to side length ratio equal to 0.5 versus the length scale and side length is studied. Finally, it is tried to estimate the effective length scale of the defective graphene sheet via matching the results obtained from the non-classical plate theory with those found on the basis of molecular structural mechanics. It should be mentioned that the length scales related to strain gradients and inertia gradients are set equal to each other (i.e. l = l 1 ) in this Section. In Fig. 3 , the effects of the length scale and diameter of the central hole to the side length ratio on the dimensionless natural frequency of the graphene nano-sheet with a central pore for two different boundary conditions are investigated. Regardless of boundary conditions, for a small value of the length scale parameter, the first natural frequency of defective graphene sheets rises as diameter of the central hole to the side length ratio increases, while with a rise in the length scale, the rate of increase of the first natural frequency with pore diameter decreases. For a larger value of the length scale, a decrease in the first natural frequency may be seen by increasing the pore diameter (Figs. 3a and 3d) . Generally, however, the sensitivity of simply supported graphene sheets to the existence of the central hole is less than in the fully clamped nano-sheets. The sensitivity of the second and third natural frequency of a fully clamped graphene sheet to an increase in pore diameter is less than the first one, although the length scale value can change the increasing or decreasing trend of the curves.
The impact of side length on frequencies can be seen in Fig. 4 for fully clamped and simply supported graphene sheets. It is assumed that graphene has a central hole the diameter of which is half of the side length of the sheet.
It is clearly seen that the importance of the length scale role in decreasing the natural frequencies reduces with an increase in the side length of the defective sheet. It can be concluded that the influence of the length scale on higher order frequencies is more than the first natural frequency as well. As expected, the natural frequencies of simply-supported sheets are less than the fully clamped ones.
In order to show if the existence of vacancy defects makes a difference to the effective length scale used in the non-classical plate theory, the results obtained from the molecular structural mechanics are used. First, the effective length scale for perfect square graphene nano-sheets the side length of which is 10 nm is obtained by matching the first natural frequencies predicted by the molecular structural mechanics with the non-classical plate model. They are around 1.15 nm and 0.5 nm for simply supported and fully clamped nano-sheets, respectively. According to these effective length scales, the first three natural frequencies of nano-sheets are 0.0578181, 0.133181 and 0.193658 THz, 0.1150115, 0.2230178 and 0.3152479 THz for simply supported and fully clamped nano-plates, respectively. The comparison of these results with those determined by molecular structural mechanics (0.05763, 0.12857 and 0.18252 THz for simply supported sheet and 0.11490, 0.23047 and 0.34411 for clamped sheet) shows that the percentage error in higher order frequencies is more than that of the first natural frequencies. Similar results can be seen in Table 3 and 4 in which the same method is used to estimate the effective length scale of the defective sheet. It can be concluded that the effective length scale may vary with an increase in diameter of the vacancy defect as well. It seems that the dependency of the effective length scale on diameter of the vacancy defect changes with boundary conditions. The effective length scale of a clamped defective graphene is more sensitive to diameter of the vacancy than that of the simply supported one.
Conclusion
This article attempts to study the natural frequency of defective graphene sheets because the existence of cut-outs in plates may be essential on the basis of their desired functionality. In this study, Aifantis' theory in conjunction with inertia gradients is combined with Kirchhoff's thin plate hypothesis to incorporate the size effect into the classical continuum plate theory because Eringen's nonlocal elasticity theory does not allow the construction of an energy functional. The Ritz method is employed to derive discrete equations of motion which yield the eigenvalue problem. The molecular structural mechanics method is also employed to specify the effective length scale parameter. In the 'numerical results' Section, the effects of different boundary conditions, length scale, diameter of hole to side length ratio and side length of nano-sheets on the fundamental frequency of graphene sheets are studied. The results demonstrate that:
• Regardless of boundary conditions, for a small value of the length scale parameter, the first natural frequency of defective graphene sheets rises as diameter of the central hole to the side length ratio increases, while with a rise in the length scale, the rate of increase of the first natural frequency with pore diameter decreases.
• For larger values of the length scale, by increasing pore diameter, a decrease in the first natural frequency may be seen.
• The sensitivity of simply supported graphene sheets to the existence of the central hole is less than that of the fully clamped nano-sheets.
• The importance of the length scale role in decreasing the natural frequencies reduces with an increase in the side length of the defective sheet.
• The influence of the length scale on higher order frequencies is stronger than that on the first natural frequencies.
• Although the dependency of the effective length scale on diameter of the vacancy defect changes with boundary conditions, the effective length scale does not vary with an increase in diameter of the vacancy defect significantly.
